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Abstract 

The bosonic second invariant of SuperLiouville models in supersymmetric 
classical mechanics is described. 
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■ 1 Introduction. 

O 

■ The search for kinks in N-component (1 + l)-dimensional field theory is a very 
difficult endeavour, see Reference pp. 23-24. Mathematically, this problem 
is equivalent to a N-dimensional mechanical system via dimensional reduction 

p) ' to (O-l-l)-dimensions of space-time. Therefore, only if the mechanical system is 

1^ . completely integrable is there a hope of finding all the kinks of the field theory 

that are in one-to-one correspondence with the separatrix trajectories (develop- 
ing finite action in infinite time) of the mechanical system. The authors have 
^ ■ investigated this line of research on one-dimensional topological defects in several 

earlier papers, see |^. 

After the seminal paper of Olive and Witten on extended supersymmetry 
algebras and solitons, the paradigmatic N=l kinks have been understood as 
BPS states of TV = 1 supersymmetric quantum field theory. In (l-l-l)-dimensions, 
the N=l theory is based in an extended supersymmetric algebra because there 
exist Majorana-Weyl fermions that could be used to generalize the purely bosonic 
theory supporting kinks to a Bose-Fermi system enjoying supersymmetry. Very 
recently, domain walls have been studied in the Wess-Zumino model, and Af = 
1 SUSY QCD, These theories arise in the low energy limit of string theory 
and the domain walls can be seen as membranes or other extended structures. On 
the other hand, both the WZ model and SQCD contain more than one real scalar 
field. Thus, their dimensional reduction is a (1 -|- l)-dimensional either Af = 1 
oi M = 2 supersymmetric field theory. Because the kinks are the actual domain 
walls if they are looked at from a (3 -|- 1)D point of view, in order to identify the 
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BPS kinks (hence the domain walls, hence the d-branes) it is convenient to study 
= 2 or = 4 supersymmetric classical mechanics, starting from the finite 
action trajectories of these mechanical systems. 

Accordingly, in this work we shall study the M = 2 supersymmetric ex- 
tension of the N=2 Liouville systems. These supersymmetric extensions of com- 
pletely integrable mechanical systems arise in the dimensional reduction of (1+1)- 
dimensional bosonic theories that have a very rich manifold of kinks. Our aim is 
to elucidate wheter these supersymmetric models in classical mechanics have a 
second invariant; if the answer is affirmative, then in priciple all the finite action 
trajectories that give the kinks and their supersymmetric partners can be found. 



2 Supersymmetric Classical Mechanics 

Let us start with a Grassman algebra Bl with generators 9\ E B^, a = 1,2, 
i = 1, . . . , A^, that satisfy the anti-commutation rules: 

o'aOi + eie: = 

Any element of -B^ is a combination of the L = 2N generators that can be 
written in the form: 



where the coefficients }fi^--f™- are real numbers. We shall distinguish between 



tl . ..Irn 

odd and even elements ol B^ according to the parity of the number of Grassman 
generators. 



2.1 Lagrangian Formalism 

The configuration space of the system is C = x (i?2Af )• If we choose (x*, ^1) 
as local coordinates in C, the Lagrangian of our system has the "supernatural" 
form: 

L = h^i? - u{x) + '-eiei + iRjkix)ei9l 

Observe that the Lagrangian is defined on even elements of C of two types: there 
is a bosonic contribution collecting the kinetic and potential energies of the 
coordinates. There are also two terms that contain fermionic variables: besides 
the Grassman kinetic energy, there is a Yukawa coupling Rjk that we assume to 
be symmetric in the j, k indices, see The Euler-Lagrange equations 
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determine the dynamics of our mechanical system. Via Noether's theorem, one 
finds the energy as the invariant associated to invariance under time translations: 

I = H = ^x^±^ + U{x) - iRjk{x)9{9l (1) 
2.2 Hamiltonian Formalism 

We shall now briefly discuss the Hamiltonian formalism 0]. The usual definition 
of generalized momentum is extended to the Grassman variables: 

TT = = -di (2) 

We note the dependence of the fermionic generalized momenta on their Grassman 
variables. In the 6A/'-dimensional phase space T*C with coordinates {x^ ,61,02, Pi, '^e\ ' ^e* ; 
the definition of Grassman generalized momenta (|2|) provides 2N second class 
constraints. Instead of working in the reduced 4A^-dimensional phase space (the 
Grassman sub-space of the phase space coincides with the Grassman sub-space of 
the configuration space because the Lagrangian is first-order in the velocities) we 
implement the constraints in the Hamiltonian by means of Grassman-Lagrange 
multipliers ||8|: 

Ht = )fx? + \j{x) - iRjkix)eiol - (v. - 

The Hamilton equations are: 

.j _ dHr . _ _dHT _ dHr . _ dHr 

Note the difference in sign between the bosonic and fermionic canonical equations. 
Solving for the Lagrange multipliers, we find 

Ht = \iPx? + U(x) + i?jfc(f)(7r,.0j - t^^,Q\), 

L 2 1 

which provides the right Hamiltonian flow in the phase space. 

Defining the Poisson brackets for the generic functions F and G in phase 
space in the usual way: 

-'-f^Xg-'-fXXg, 



2 aeidTT^,^ 4 dTT^^jTT^ 
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the canonical equations read: 



dt 
dpj 



{Ht,x^}p 

{HT,Pj}p 



dei 

dt 
dir. 



ei 



{HT,ei}p 



{Ht, V }p 



dt dt 
In general, the time-dependence of any observable F is ruled by: 

dF 

Therefore, physical observables are constants of motion or invariants if and only 
if: 

{HtJ}p = 

In practical terms, it is better to work on the reduced phase space and define 
the reduced Poisson brackets as: 

SFG\P = ——-—— + ^F^^G 

^ ' dpjdq^ dqidpj dei dei 

Thus, we receive the following Poisson structure: 

{p„ X^}p = 6^ {X^,x'}p = {p„Pk}p = {ei, 0!S}p = iS^Hab 

and the canonical equations and the invariant observables are referred to the 
reduced Hamiltonian H given in (||). 

2.3 Supersymmetry 

The question arises: are there transformations in the configuration or phase space 
such that they mix the bosonic and fermionic variables and leave invariant the La- 
grangian or the Hamiltonian?. If the answer is yes, then the mechanical system 
can be said to enjoy supersymmetry Q. Instead of using the elegant super- 
field/superspace formalism, we take a direct approach. Consider the following 
infinitesimal variations in the configuration space defined in terms of a Grassman 
parameter e: 



Variation 1: 
^ 6ix^ = e0{ 
6idl = iex^ 
5ie{ = -iepix) 



Variation 2: 



6201 = ieg^{x) 

6202 = iex^ 
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The variations induced on the Lagrangian are: 



There is symmetry with respect to the variations Si and 62 if and only if 5iL and 
are pure divergences. This happens if 

IdWdW „ d'^W ^, , dW 

U [x) = -— — r— — r Kji^ = —— — — — r 1=9= t; — -■, 

2 ox^ ox^ ox^ox^ ox^ 

where W{x) is a function defined in the bosonic piece of the configuration space 
called the superpotential. A supersymmetric Lagrangian has the form, 

r 1-7-7 ^nini ^ dW dW . d'^W 

L = -x^x^ + -9iei T^T^ - i r. r. , 0]9^ 

2 ^ 2 2dxi dx3 dxWx^ ^ ^ 

The Noether charges associated with the symmetries with respect to 5\ and 82 
are respectively 

dW ■ dW ■ 

Going to Hamiltonian formalism, one easily checks that these fermionic super- 
charges close the N = 2 superalgebra 

{Qi, Qi}p = 2H {QuQ2}p = {Q2, Q2}p = 2H 

We immediately find a bosonic invariant, the Hamiltonian H itself, and two 
fermionic constants of motion- the supercharges Qi and Q2', their Poisson brackets 
with H are zero. If the number of bosonic degrees of freedom is N, it is easy to 
check that there is other bosonic invariant, I3 = YiiLi ^1^2 HOl' 

If the bosonic piece of the configuration space is a general Riemannian man- 
ifold equipped with a metric tensor gij, the Grassman variables 'i?^ are the 
components of a contravariant vector. The definition of the supercharges is gen- 
eralized in the form: 

Qi = Ojkx'^'i - ^^2 Q2 = 9jkx^4 + l^^i 
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The super symmetric algebra dictates the form of the Hamiltonian 

■'' dx^dx^ dx^ ' 

and the inverse Legendre transformation leads to the Lagrangian 

L=]^g^kxH'' + \g,kKDt< + \Rmn^{^2^\^^^^ (3) 
where the covariant derivative is defined as Dt'Qa = 'da + r^^x'^^- 

3 From Liouville to SuperLiouville Models 

We shall focus on mechanical systems of two bosonic degrees of freedom; N = 2. 
In particular, we shall analyze the supersymmetric extensions of the classical 
Liouville models. These models are completely integrable and their classical 



invariants are well known |11|. Our goal is to study what the invariants are in 
their supersymmetric extensions. 

In fact, the classical Liouville models are not only completely integrable but 
Hamilton-Jacobi separable. The Hamilton-Jacobi principle thus provides all the 
solutions of the dynamics in these models. This is achieved by using appropriate 
coordinate systems. There are four possibilities: 

• Liouville Models of Type I: Let us consider the map : D — > R2, where 
D is an open sub-set of with coordinates {u, v). These variables are the elliptic 
coordinates of the bosonic system if the map is defined as: i*{x^) = j^uv, C*{x^) = 
^ and u G [r2,oo), v G [— In the new variables, the 
Lagrangian of a Liouville model of Type I reads: 

Observe that apart from a common factor the contribution to the Lagrangian of 
the u and v variables splits completely. The common factor can be interpreted 
as a metric (of zero curvature): gij = {v? — v'^)6ij. 

• Liouville Models of Type II: In polar coordinates C*{x^) = pcos^i C*{x'^) = 
psinx, p G [0, oo), x G [0, 27r) the Lagrangian of the Liouville models of Type II 
reads: 

11 1 

L = -pp+-p'^XX-f{p)--^9{x) (5) 
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Again, besides the metric factor gu = 1, 522 = P^, the contributions of p and x 
appear completely separated in the Lagrangian. 

• Liouville Models of Type III: Parabolic coordinates u G (—00,00), v G 
[0, 00) arc defined through the map 7* : D — > such that j*{x^) = ^{u^ — f 
7*(x2) = uv. A Liouville model of Type III obeys a Lagrangian of the form: 

L = hu'' + v''){uu + vv)- (/(u) + g{v)) (6) 

There is a metric factor gij = (u^ + v'^)Sij and separate contributions of u and v 
to L. 

• Liouville Models of Type IV: In these models the Lagrangian is directly 
separated in Cartesian coordinates 

L = ^x'x' + ^xH' - fix') - gix') (7) 

and a Euclidean metric g^j = Sij can be understood. 

The definition of SuperLiouville models is a two step process: 
(i) Define a supersymmetric N=2 Lagrangian system on a Riemannian man- 
ifold M^, which is M? equipped with the metric induced by the maps x*5 C* 
and 7* for Types I, II, and III, and the Euclidean metric for Type IV. Consider 
also Grassman variables that transform as t?^ = ^j^a under these changes of 
coordinates. 

{ii) A model defined in this way is a SuperLiouville model if the superpo- 
tential splits in such a manner that the bosonic part of the Lagrangian coincides 
with the Lagrangian of a Liouville model. 

• SuperLiouville Models of Type I: The Lagrangian of the bosonic sector of 
this Type of model contains two contributions: 

2«2_J}2^^+2n2_^2'"^- 2n2_^2 i^^j ~ 2 «2 _ ^,2 

where the superpotential W provides the potential U b through the identity, 

2 — v'^ \ du J 2v?' — v^\dv 
In the fermionic sector the Lagrangian takes the form Lp = Tp + L^^p , with 

^ 2u'^ -9."^ 20? -v"^ " 
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The Bose-Fermi interaction adds to the Lagrangian the Yukawa terms 



tI 

^FB 



—I 



—I 



dudu 
dudv 



(u2 -t;2)(^2 _^2) 



dW dW 



+ 



y2 _ y2 



dW dW 

V— u 



+ 



du 



dv 



dvdv {u^ — t;2)(r22 _ ^;2^ 



du dv 
dW 



U- 



dW 
du 



— V- 



dv 



Definition: A system in supersymmetric classical mechanics is a SuperLiou- 
ville model of Type I if the map given by the change from Cartesian to elliptic 
coordinates acting on the Cartesian superpotential is such that: 

^*Wc = Wi{u)±W2{v) 
• SuperLiouville Models of Type II: The bosonic Lagrangian is: 



1 



1 



Lb = t;PP + ttP XX - o 



1 /dW 



1 



dW 



^rr . 2^ 2\dp J 2/92 \^ 

and the superpotential W is related to the potential through 



_ 1 (dwy 1 fdWV 



In the fermionic sector, the Lagrangian takes the form: 

Tf 

and the Yukawa Bose-Fermi couplings are: 



'FB 



dpdp 

(d'^w 

—I 



( d'^W dW 
-i \ —— + p 



\dxdx 
IdW 



\dpdx p dx 



dp 



Definition: a system in supersymmetric classical mechanics is a SuperLiou- 
ville Model of Type II if the map given by the change from Cartesian to polar 
coordinates acting on the Cartesian superpotential produces: 



<;*Wc = Wi{p)±W2{x) 
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• SuperLiouville Models of Type III: The bosonic Lagrangian is: 



-(u^ + v^) {iiu + vv) 



2(u2 + v^) 



dW 
du 



The potential is determined from the superpotential W as: 



Ub = 



2(u2 + 1;2) 



dW 
du 



+ 



dW 
dv 



The purely fermionic contribution to the Lagrangian is: 

Tf = Uu^ + v'WaDtK + ^(«' + v^)KDtK 



and the Yukawa couplings are: 

d'^W 



rl 

^BF 



—% 



—I 



dudu 
d'^W 
dudv 

d'^w 



dW dW 



1 



+ 



u^ + v"^ 
1 



dvdv u^ + v'^ 



u- 



du 
dW 
dv 
dW 
du 



dv 



dW\ 



dW 



dv 



■dpi 



Definition: A system in supersymmetric classical mechanics is a SuperLiou- 
ville Model of Type III if the map given by the change from Cartesian to parabolic 
coordinates acting on the Cartesian superpotential is such that: 

p*Wc = Wi{u)±W2{v) 

• SuperLiouville Models of Type IV: Finally, the definition of SuperLiouville 

Model of Type IV is straightforward. 

Definition: A system in supersymmetric classical mechanics belongs to 
Type IV SuperLiouville models if the superpotential W{x^,x'^) is of the form: 

W{x^,x^) = Wi{x^)±W2ix^) 

The Lagrangian is: 



L-^XX ^Q^JQ^J 



dx^dx^ ^ ^' 



2 SUSY in (0 + 1) 



dx^dx^ 

and the system can be be understood as a jV = 2 © A/" 
dimensions. 

As a common feature, observe that the potential is insensitive to the relative 
signs of the separated parts of the superpotential. Therefore, all the Liouville 
models are supersymmetrizable by means of two different superpotentials. 
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4 On the Bosonic Invariants 

It is well known that Liouville models have a second invariant in involution with 
the energy -the first invariant- that guarantees complete integrability in the sense 
of the Liouville theorem. We shall now show that SuperLiouville models also 
have a second invariant of bosonic nature. Our strategy in the search of such an 



invariant, [I, H] = 0, follows the general pattern shown in the literature: see |12]. 
The ansatz for invariants at the highest quadratic level in the momenta is: 

/ = ^H'^PiPj + v{xi ,X2) + F,je{ei + Gije{0i + j,jeiei+ 

Here, we assume that: 

- i) is a symmetric tensor depending on x*. There are three independent 
functions to determine. 

- a) Ujf, and Mj^ also depend only on and are antisymmetric in the indices j 
and k: L*-^ = —L\-, Mj^ = —Mlj. They include four independent functions. 

- in) Gij and Jij are antisymmetric functions of x' in the indices: Gij = —Gji 
and Jij = —Jji- Fijix^), however, is neither symmetric nor antisymmetric; it 
contains four independent functions. 

- iv) Finally, Sijki{x^) is antisymmetric in the exchange of the indices i,j and k, I 
and symmetric in the exchange of the pairs ij, kl. There is only one independent 
function to determine in this tensor. 

The commutator with the Hamiltonian is: 

' 2 9x' ^'■^^^^ y dxidx^ 5xfc dxi ) 

, dFki d^W , d^W \ ^ ,,,, 

dx^dx'-dx^ dxi ^"^dx^dxi ^""dx^dx^ 



\dxWx 



k 

dU^ dM^ dN"' 

^''dx'^dx'-dx"' 1^1^ dXrr, ^™ ^ ^ 1 2 
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Therefore, [I,H] = 0, and 7 is a second invariant if and only if the fohowing 
equations are satisfied: 



BOX 1 


dx^ dx^ 


BOX 2 


dxWx^ dxk dxi 


BOX 3 


OXl (JXi 

b) e^^ +e^^ , ^ = 

OXl OXi 


BOX 4 


d''W .dFki . „ d'^W . „ d'^W 
^ dx^dx'-dx^ ' ^ dxn ' "^^'^'^ dx^dxi ' "^'^^''^ dxjdx^ 

b) ( n - 

\dxidx^ dxkdxi dx'- J 
\dx^dxk dx'^dx'' dxk J 


BOX 5 


^ V ^ dxidxkj 

b) e-7^^- +iV^. Uo 

c) C 1 J ^ 

dxjdx^ ' "'^''dx^dxi 2 ^^dx^dx'' dxi 

d) + = 

■■ ,1. d'^W 

e) e'^e^'^N"!: =0 
^ dx'^dx^dx'^ 


BOX 6 


a) e^^'e'^'^/^^'^' =0 
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4.1 General properties of the solution 

We deal with a overdetermined system of partial differential equations: there 
are 31 PDE relating 15 unknown functions. Moreover, some sub-systems can be 
solved for some sub-set of functions. Wc proceed in a recurrent way: 

- i) The equations in BOXES 1 and 2 are sufficient to find H'^^ and V . We 
recover the information about the second invariant of the purely bosonic sector: 
the Liouville model. 

- ii) The equations in BOX 3 are solved if the independent components of 
L*.^ and Mj^ have the form, 



^12 



C e'^Xj + Ai = D e'^xj + Bi, 



where Ai, Bi, C y D are constants. 

- Hi) The equations in BOX 4, together with the previous information, leads 

fi'2 TP TP 

to the computation of Fij. The identity q^^q^^ = Qx2dxi equation 4a) 

requires that 



d 



dxm . ■''^dxjdx'' ^^dx^dj 2 dx^dx^dx'-_ 

Moreover, if we restrict Fij to be symmetric under the exchange of indices and 
then identify U-j^ = Mjf^, equation 4b) becomes equal to 4c). 

- iv) The equations of BOX 5 are satisfied if : 

- v) Equation 6a) by itself, BOX 6, sets the only independent component of 
Sijki to be constant; S'1212 = cte. Then: 

is a constant of motion, an invariant. 



4.2 Invariants in SuperLiouville models 

We now apply the previous results to the computation of the supersymmetric 
extensions of the second invariant of Liouville models. In general they have the 
form: 

where is the "body" , already present in the Liouville model, and I2 is the 
"soul" -containing Grassman variables- of the second invariant in the SuperLiou- 
ville models. We find: 
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4.2.1 SuperLiouville Models of Type I 



2 - 2 



/ 2-1 1-2^2 02-2-2 , f ^dW\ 
(XX — X X ) —il X X + x — — i — X ——^ —il 
^ ' \ OX^ ox^ J 

- ^(x'x'-x'xW + ^(2x'^^-^-x'^^^ 



^ 2dWdW 
dx^ dx^ 



'1^2 



+ 



+ i f-x'x'^^ + + x'x'^^) iOH' + 9^9') + 

+ ' 9xW + '"^ + Q^1Q^2 ) (^1^2 + W + 

\ dx^ dx^dx^ dx^dx^ J ^ ^ 

4.2.2 SuperLiouville Models of Type II: 



dx-^dx-^ dx^ dx^dx^ ^ ^ 



4.2.3 SuperLiouville Models of Type III: 

4 ^ = ^['dx^-'dx^jdx^ 

1 d^W dW 2 \ ^2^2 



+i 2x 



dx'^dx'^ dx^ dx^dx^ 
4.2.4 SuperLiouville Models of Type IV: 



Finally, we briefly comment on the geometrical and physical meaning of the 
second invariant. Usually, it is related to transformation that is termed as a 
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hidden symmetry. We see that by introducing the generahzed momenta Ilj 



Xj + i^^, the second invariant of the Type I model is: 



2 



which is no more than the modulus of the generalized angular momentum to the 
square added to — $7^ times the square of |n2|. Similar considerations are easily 
applied to the second invariant of the other Types. A generalized momentum 
such as Ilj can be obtained if one adds the complex topological piece: 

.(S) _ ..jdW 



to the bosonic Lagrangian. 
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